. It is also shown how to use this new transform to study the linear complexity of Hadamard i.e., component-wise products of sequences.
Introduction
The main purpose of this paper is to provide a convenient framework for the study of the linear complexity of periodic sequences with an arbitrary period. In particular when the sequence is an N-periodic sequence with components in a eld of characteristic p and N = np where gcdn; p 6 = 1, we seek a formulation that is as convenient as that for the usually studied case when gcdN; p = 1. In Section 2, we give such a formulation in terms of the n th roots of unity and their multiplicities as zeroes of the polynomial whose coe cients are the rst N digits of the sequence. This leads naturally to the use of the Hasse derivative as described in Section 3 to characterize linear complexity.
Another purpose of this paper is to introduce a new generalization of the discrete Fourier transform that admits application to sequences of arbitrary length N. This is done in Section 4, where it is further shown that the linear complexity of an N-periodic sequence with components in a nite eld of characteristic p is equal to the appropriately de ned weight" of its generalized discrete Fourier transform.
To illustrate the usefulness of the approach in this paper, we give in Section 5.1 a simple proof of the validity of the well-known Games-Chan algorithm for nding the linear complexity of an N-periodic binary sequence with N = 2 , and we generalize this algorithm to apply to N-periodic sequences with components in a nite eld of characterisitic p and N = p . Finally, in Section 5.2, we show how our techniques can be used to study the linear complexity of Hadamard products of sequences.
Linear Complexity of Periodic Sequences
The linear complexity, Ls, of the semi-in nite F-ary sequences = s 0 ; s 1 Consider now the case where the eld F has characteristic p so that N may be written as N = np where gcdn; p = 1. Then there exists a primitive n th root of unity, , in some extension eld of F so that i ; i = 0; 1; ;n , 1 but we have no need to make this calculation if our interest is only in the linear complexity ofs.
We now introduce a matrix that we will nd useful in connection with the generalized DFT in the next section. Of particular interest in cryptography is the case where F is the nite eld GFq = GFp r . The necessary and su cient condition for GFq to contain a primitive N-th root of unity is that N and p be relatively prime, i.e., that gcdN; p = 1. The usual DFT is thus useful in the analysis of N-periodic q-ary sequences just when gcdN; p = 1. Several authors, 2 , 5 , 12 , have proposed generalizations of the DFT that permit its application to N-tuples with gcdN; p 6 = 1. One purpose of this paper is to propose a new such generalization of the DFT that was inspired by that in 5 but is somewhat simpler. We now interpret Corollary 4 in terms of our GDFT. Toward this end, we make the following de nition.
De nition 8. The G unther weight of a rectangular array is the number of its entries that are non-zero or that lie below a non-zero entry. . When = 0 so that n = N and the GDFT array S p n reduces to a onerow matrix, then the G unther weight of S p n is just its Hamming weight.
Thus this theorem is a natural generalization of Blahut's theorem for the usual DFT. We have called this generalization the G unther-Blahut Theorem" and the corresponding generalization of Hamming weight the G unther weight" because its content is equivalent to a result given by G unther in 5 , who derived it from properties of the somewhat di erent generalization of the DFT that he introduced there. 
